The energy dependence of forward angle pion double charge exchange is calculated in the energy range of 0-250 MeV. The most striking feature is a peak around 40 MeV which is in excellent agreement with the data when distorted waves obtained from a realistic optical model are used. Two possible short-range corrections to the reaction mechanism are addressed. ͓S0556-2813͑98͒07410-X͔ PACS number͑s͒: 25.80.Gn, 24.10.Ht
I. INTRODUCTION
Pion double charge exchange ͑DCX͒ on nuclear targets has been extensively studied, both experimentally and theoretically, throughout the last two decades. Because at least two nucleons must be involved in the process, the study of DCX is a natural tool for exploring nucleon-nucleon correlations. In the course of these studies at low energies, a prominent peak in the ( ϩ , Ϫ ) cross section in the neighborhood of T ϭ40 MeV was observed by a number of experimental groups ͓1-3͔. The peak occurs for a variety of nuclear targets and seemingly independent of the final state.
It has been claimed ͓3͔ that this peak provides evidence for the existence of a dibaryon at this energy. Before accepting such an interpretation, it is important to consider the more conventional ones. In this paper we will show ͑as has been previously suggested ͓4-8͔͒ that such a peak arises naturally because of the pion propagation in the conventional ''sequential process,'' in which DCX occurs through two successive N charge exchange reactions on two neutrons ͓9-11͔. Our calculation is based on the conventional distorted-wave impulse approximation ͑DWIA͒, which we briefly outline. Calculations of the reaction leading to both the double isobaric analog state ͑DIAS͒ and the ground state are made.
While other reaction mechanisms have been studied ͓7,12-15͔, we treat DCX as a two-step sequential process. It is generally accepted now that this is likely to be the dominant mechanism for the types of transitions treated here although the other mechanisms could alter the picture somewhat. In contrast to most nuclear reaction calculations, the DCX amplitude must be evaluated in second order so that we will need to compute, not only the distorted incoming ( ϩ ) and outgoing ( Ϫ ) pion wave functions, but also the distorted 0 Green function, which describes the propagation of the pion between two nucleons.
The distorted pion wave functions and Green's functions are computed from truncated Klein-Gordon equations which incorporate the optical potentials for the initial ͓ In addition to the conventional optical potentials ͓16͔, we include imaginary effective potentials which model pion true absorption ͑annihilation͒. One of the major changes in the present calculation compared with previous work, involves the use of realistic pion elastic scattering wave functions. These new wave functions were obtained by including a new parametrization of the correction for pion true absorption to the potential, increasing the number of independent partial waves from two to six and fitting the remaining parameters to measured elastic scattering and reaction cross sections ͓17͔. Since we use the distorted pion wave functions from these fits without modification the DCX cross sections obtained are predictions. The 0 Green function is less certain since it is calculated using the same theory for the external waves, but the state of the nucleus during the propagation of the neutral pion is not well defined, nor is it directly testable as are the external waves. We have chosen an effective nuclear excitation energy ͑ϭ0͒, and used closure over the intermediate nuclear states. The uncertainty in this ''closure approximation'' affects more greatly processes which lead to the analog final state, which involve longer 0 propagation distances. The general DWIA procedure is outlined in Sec. II A, and the technique for the numerical solution is given in Appendix A. This intermediate distortion has been considered in a number of other works ͓9,18-21͔.
We have used somewhat realistic shell model wave functions for the initial ground state, the final ground state, and the final analog states. For the Ca isotopes we use the seniority model within the f 7/2 shell as well as more accurate wave functions for the final ground states ͓22͔ as described in Sec. II B. In the seniority model DCX for all the isotopes is given in terms of two complex amplitudes. One amplitude is primarily sensitive to the short-range correlation of the valence nucleons and spin dependence of the DCX amplitude; the other amplitude to the long-range behavior. Furthermore, the relative importance of these two amplitudes depends very much on the pion energy. For 14 C we use a mixture of (1p 1/2 ) 2 and (1p 3/2 ) 2 configurations. Aside from questions involving the propagation and the nuclear wave functions, there are those that surround the interaction operator itself. While this operator is taken to be two separate charge exchanges, the off-shell iteration involving two p-wave basic interactions creates a ␦-function interaction ͓23͔ much as in the case of the nucleon-nucleon interaction ͓24͔. The removal of this unphysical ␦ function provides a correction to the reaction operator. This ␦ function has been previously treated in the setting of pion propagation in a nuclear medium ͓25,26͔.
Once the very short range part of the interaction is considered, one is led to question the mechanism of the exchange of a neutral particle at very short distances. Indeed, once the nucleons are overlapping, it is possible that the reaction takes place on the level of quarks and gluons. Since the volume of the region of overlapping nucleons is not large, we may expect the effect to be small, but since we are able to enhance the sensitivity to the short range region, by choosing a particular transition, it becomes interesting to make an estimate of the size of an effect that might be caused by the static exchange of a single gluon.
II. SEQUENTIAL CALCULATION

A. DCX cross section calculation
The basic method used for the calculation of the DCX reaction is the same as that employed in a number of other presentations ͓9,2͔. It involves the evaluation of the matrix element
where the momenta q 1 ϭ(ប/i)ٌ 1 and q 2 ϭ(ប/i)ٌ 2 are operators on the conjugate coordinates in the pion wave functions ⌿ ϩ (ϩ) (k,r 1 ) and ⌿ Ϫ (Ϫ) (kЈ,r 2 ) and the primed values operate on the corresponding coordinates in the Green function, G(r 2 ,r 1 ). The method for the evaluation of the effect of the operators is described in Appendix A. The single charge exchange operators f 1 and f 2 are derived from the pion-nucleon amplitudes and are expressed in momentum space as
In the present calculation we take
for the off-shell extension. A value of ⌳ϭ400 MeV/c was used in the calculations presented later. and maximal isospin Tϭn/2, where n is the number of nucleons in the shell. The seniority model is therefore exact for transitions from 42, 44, 48 Ca to the DIAS states of Ti. The ground states of 44, 48 Ti have TϽn/2, and for these nuclides the seniority model is an approximation. For these cases we have also used the more accurate McCullen-Bayman-Zamick ͑MBZ͒ ͓22͔ wave functions as discussed in the next section. For a nuclear wave function consisting of several orbitals, the concept of generalized seniority can be invoked and gives a similar result ͓28͔. We will see that the separation into long-and short-range amplitudes plays an important role in understanding the energy dependence of DCX and hadronic propagation in the nucleus in general. The B amplitude comes from configurations in which the two nucleons are close together so that the propagation of the intermediate 0 plays a small role, while in the amplitude A it is of significant importance.
The quantity in square brackets is the DCX operator. In Ref.
͓10͔ it was treated as arbitrary to investigate the behavior as a function of the isotopic number. In Ref. ͓23͔ this operator alone was treated in the plane-wave limit to derive its general characteristics. In Ref. ͓9͔ it was evaluated using the spectral representation for the Green function as explained in Appendix A. A much more effective method, first applied in Ref. ͓2͔, is to evaluate the Green function directly through numerical inversion of the Klein-Gordon operator, as is explained in Appendix A.
B. Nuclear wave functions
Calcium
The calcium isotopes provide a relatively good example of nuclei whose valence nucleons lie in a pure single shell. For this reason the wave functions are simple and reliable. In the seniority model, Eq. ͑1͒ can be used to express the am-plitude to either the double isobaric analog state ͑DIAS͒ or the ground state in terms of two amplitudes, A and B, defined as ͓9͔
͑4͒
with ⍀ϭJϩ1/2. If there is no spin dependence, i.e., F L ϭ0, L odd, then the amplitude A is the long-range ͑mono-pole͒ part of the DCX reaction while B is the short-range part. The analog and ground state transition amplitudes can be expressed in terms of these amplitudes:
where nϭ2T is the number of valence neutrons and
Explicitly, the cross sections for analog transitions on the calcium isotopes are given by 
Carbon wave functions
In this case the wave function is less well determined. There are believed to be important admixtures of the s and d shells as well as the p 1/2 and p 3/2 shells. For 14 C we take the two valence particles as two proton holes in a filled 1p shell. There are two independent basis vectors for a 0 ϩ state, which we choose as 1 p 3/2 and 1p 1/2 . Since the two configurations have similar energies, the ground state is better represented by a normalized combination of the two:
where is the mixing angle ͓29͔. We have calculated for equal to 66°which is essentially the value given by the pstate calculations of Cohen and Kurath ͓30͔.
III. RESULTS Figure 1 shows a comparison of the distorted-wave calculation with the plane-wave version. From this figure we can get a general overview of the energy dependence. For the plane-wave calculations the cross section goes to zero at low energies because of the factor of momentum of the final state. Since the Q value of the reaction is Ϫ12.4 MeV in this case, the cross section must vanish below 12.4 MeV. The cross section rises rapidly and then decreases slightly before rising into the 33 resonance region. The plane-wave cross section is more than a factor of 100 larger than the measured cross section in this region.
The factors governing the distorted-wave calculation are very different. Just above threshold the energy of the finalstate Ϫ is very small, as before, but with the attractive Coulomb interaction the cross section tends to infinity. This is a very low energy phenomenon, however, and the cross section quickly drops. Apparent in the calculation is an interference effect which causes the cross section to pass through zero around 20 MeV, after which it rises rapidly. This effect is shown on a larger scale in Fig. 2 . The cross section will tend to infinity at the threshold because of the Coulomb interaction of the final Ϫ for all isotopes except 48 Ca, where the Q value is positive. Above 50 MeV the absorption of the pion ͑both types quasifree and ''true''͒ sets in and the cross section falls rapidly. In the region below 100 MeV the resonances observed ͓17͔ in the elastic amplitudes also play a role.
In the figures to follow there is a comparison of the data ͓1,31-33͔ with calculations including and omitting the double spin flip ͑DSF͒ contribution. This is done because the DSF cancels against the term with no spin flip and reduces the cross section ͑in almost all cases͒. Since each of the transitions in the double spin flip is of a Gamow-Teller nature it is natural to ask if the suppression of this type of transition can play a role. We do not take a position on this issue but simply indicate the results with and without the DSF.
We distinguish three cases in the seniority model ͑1͒ B is the only amplitude, ͑2͒ B is the dominant amplitude, and ͑3͒ A and B enter on an equal footing. For Ca. The strength of B for these two cases is reduced by a factor of 1/9 and Ϫ1/7, respectively, so that the contributions of A and B are comparable. In the case of 48 Ca there is a strong tendency for them to cancel. These cases show a great sensitivity to the values of amplitude A. For 48 Ca a much more complicated structure than a single peak results. It is interesting that the data points are consistent with it ͑at least below 150 MeV͒ although they cannot be said to imply such a structure a priori. Figure 8 shows the absolute values of amplitudes A and B for 48 Ca. There are some interesting features to be compared with the model of a dibaryon causing this peak. There is a rapid rise of the cross section at low energies followed by flattopped peak. The shape we predict is quite different from that of a single Breit-Wigner resonance. The qualitative agreement between predictions of the sequential model and the existing low-energy data supports the interpretation of this peak as an optical effect which does not require the introduction of a dibaryon resonance. Additional data at smaller energy intervals will be of great interest in determining the shapes of the low-energy peaks, and are essential in further clarifying their nature. Figure 9 shows the calculation of the DCX reaction on 48 Ti. The meaning of the curves is the same as in Fig. 4. 14 C. The curves do not show the more detailed structure seen in the calcium isotopes, presumably because the resonances in the elastic phase shifts are less pronounced ͓17͔.
IV. SHORT RANGE CORRECTIONS
In this section we discuss possible corrections due to effects of short range on the order of the size of the nucleon or the pion.
A. The ␦ function in the DCX amplitude
The DCX operator resembles the one-pion-exchange potential between two nucleons in certain respects, since the dominant contribution to the pion-nucleon amplitude in this energy region is p wave in nature.
The appearance of the ␦ function in the DCX operator comes from the point of view of pointlike pion-quark coupling, where the pion-nucleon interaction extends over a finite region of space because of the distribution of quarks within the nucleon. This view is developed more fully in Ref. ͓24͔ for the case of np charge exchange. Since the ␦ function arises from the p wave-p wave part of the interaction, we need only consider that part of the DCX operator
͑10͒
where q 1 and q 2 are to be treated as operators on r 1 and r 2 in the Green function. Since we anticipate that the correction is of very short range, we will make ͑for the purposes of this correction only͒ the approximation that the neutral pion is FIG. 6 . Cross section for pion double charge exchange on 44 Ca leading to the analog state in 44 Ti. The meaning of the curves is the same as in Fig. 3 .
FIG. 7. Cross section for pion double charge exchange on
48 Ca leading to the analog state in 48 Ti. The meaning of the curves is the same as in Fig. 3 The expansion of k 2 •qk 1 •q will yield an s wave and a d wave part:
where the tensor operator S 12 is
Because the nucleons are assumed to be close to each other ͑for the purposes of this correction͒ we keep only the relative s wave. The s wave part of the p-wave-p-wave amplitude is given by
͑15͒
As discussed in Ref.
͓24͔ there is a ␦ function at r 1 ϭr 2 in Eq. ͑15͒ in the limit as ␣→ϱ. This singularity is unphysical because of the finite size of the pion. If we neglect the interaction within the quark-quark range of less than the size of a pion ͑and then take the limit of the pion size going to zero͒ we find that the corrected interaction becomes
Thus, the correction to the operator is
͑18͒
This integral can be evaluated by contour integration. The development of the expressions for the distorted waves is given in Appendix C.
B. One gluon exchange
In the preceding section the short-range quark-quark interaction was neglected. After the limit was taken, only the ␦ function was eliminated. One might believe, however, that for two quarks closer than the diameter of a pion the interaction would pass from that of pion exchange to one based on quark-gluon degrees of freedom in some continuous manner. The generation of this short-range interaction merits a thorough study, beyond the scope of the present paper. However, it is possible to make a rough estimate of the size of the effect by adopting results from calculations of the nucleonnucleon case in the static limit ͓34͔. The nonrelativistic twobody one-gluon-exchange ͑OGE͒ potential is expected to have the form
where i is the color SU͑3͒ generators for the ith quark, ␣ s is the strong coupling constant ͑for this work we used ␣ s ϭ0.6), and r i j is the relative distance between the ith and the jth quarks. We wish to replace the one-pion exchange ͑OPE͒ with the one-gluon exchange at short distances. We will do so with the use of a Gaussian transition function T͑r ͒ϭe
Ϫ␤r 2 ͒T OPE . ͑20͒
The rms radius of the Gaussian provides a convenient measure of the distance at which the transition takes place, i.e.,
We assume that only the S state of the two nucleons is involved so that only the spin-spin part of the one-pion exchange contributes. Thus at small r both OGE and OPE interactions are proportional to 1/r i j , and the transition between the two interactions in the neighborhood of R T changes only its strength. ͑We will keep the momentum carrying part of the propagator e ikr in what follows, but it plays little role at these low energies and short distances.͒ Thus the correction to the interaction can be written
where this expression is to be added to the previous OPE result before the correction for the finite size of the nucleon. The quantities S OPE and S OGE are the strengths of the OPE and OGE, respectively. While the true S OPE is known ͑at least in the present model͒ the S OGE is more difficult to obtain. We will estimate the ratio in the parenthesis from the ratio that would obtain in the case of a potential. One gluon cannot be exchanged between two color singlets ͑such as a pair of nucleons͒ unless it is accompanied by quark exchange or an additional gluon exchange. This exchange of quarks can be quite complicated but should not be of a small magnitude when the nucleons are strongly overlapping as is the case ͑most of the time͒ when the quarks exchanging a gluon are in close proximity. In order to estimate this probability we use the result that there is a hidden color component generated when the nucleons are overlapping ͓35͔. The gluon can then be exchanged between these hidden color components ͓34͔.
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For the color symmetric pairs the matrix elements ͗ i • j ͘ have been calculated in the physical basis of hidden color states and were found to be equal to Ϫ4/3 for both S ϭ0, Iϭ1 and Sϭ1, Iϭ0, the two possible nucleon states for S-wave nucleons ͓34͔. For the OPE the strengths are also the same in these two states.
Hence we can estimate that the ratio
where f 2 /4Ӎ0.0756 is the pion-nucleon coupling constant and the factor of 0.6 comes from an estimate, with symmetric quark model wave functions, of
The ratio of strengths from this estimate is 4.4. We emphasize that this is a very rough number. The next step is to include the convolution of the propagator with the finite size of the nucleon. To this end we calculate the Fourier transform for the correction, multiply it with the form factor for the nucleon and transform back to coordinate space
This correction can then be added on in the same manner as the ␦-function correction.
C. Results
The results of the short-range correction are shown in
Figs. 10-12. The ␦-function correction ͑dot-dashed line͒ is seen to worsen the agreement with the data on the highenergy side of the peak. The estimate made of the OGE correction tends to restore the agreement, depending on the radius chosen. From the arguments given previously, one expects this distance to correspond to the size of the pion. Of course, a change in the value of the ratio ͓Eq. ͑23͔͒ would bring about a corresponding change in the radius obtained, so the reader should be cautioned against drawing any absolute conclusions from the curves. The purpose of this calculation is only to show the order of magnitude of such a correction. One correction that has not been included in the present calculation is the suppression of the short-range nucleon-nucleon wave function due to the strong repulsion at short distances which can be expected to decrease the size of the effect seen here.
V. CONCLUSIONS
We find that the peak in low-energy pion double charge exchange is naturally given by the calculation of the two-step mechanism with realistic distorted waves. The sharper peak obtained in this work than previous work is due to the use of realistic ͑fitted͒ pionic wave functions constrained by elastic and reaction data. Corrections to the reaction mechanism that result from the elimination of the unphysical ␦ function and from an estimate of a short-range quark-quark interaction treated in a one-gluon-exchange approximation are not large but clearly visible in any comparison with the measured cross section. This work was supported by the U. S. Department of Energy.
APPENDIX A: TECHNIQUE OF CALCULATION
The initial and final pion wave functions are expanded in the usual manner ͓36͔ as Ti. The meaning of the curves is the same as in Fig. 10 .
The operation of the form factors v(q) on the wave function can be expressed as
Writing the Fourier decomposition for the wave function we have
Using the standard expansion of e ik͉rϪrЈ͉ /ik͉rϪrЈ͉ for imaginary k in terms of the spherical Bessel and Hankel functions, the integral can be calculated partial wave by partial wave, each l (k,r) being transformed into l (k,r).
Hence each function involved may be transformed as above and then the rest of the calculations performed as if the form factors were not present. The rest of the operators are linear in q and qЈ. The dot product of the gradients can be simplified by using the mathematical identity q•qЈ ϵ 1 2 ͓(qϩqЈ) 2 Ϫq 2 ϪqЈ 2 ͔. The angular momentum algebra for the treatment of the spin-dependent part of the operator is discussed in Ref.
͓9͔.
We write the wave function for a given partial wave in the form l (k,r)ϭ C l U l /r since we will first determine the functional form for the radial wave function with arbitrary normalization and separately determine the coefficient C l . The Schrödinger equation for U l (r) can be written as where U n ϵU(n⑀). For our calculations a typical value of N was 80.
We require that U 0 ϭ0. This leaves NϪ1 equations in N unknowns. We establish a normalization for the wave function by setting arbitrarily U N ϭ1. There are now NϪ1 equations in NϪ1 unknowns. The system expressed by Eqs. ͑A6͒ is solved by standard numerical techniques to obtain the wave functions for the initial and final pion distorted waves. At this point the true normalization may be obtained from the scattering boundary conditions at infinity.
To compute the Green function which is needed for the propagation between charge exchanges, we first note that, because of its scalar nature, it can be written as 1 EϪH
͑A7͒
The spectral representation of a partial wave component of this function will be
͑A8͒
Here L (ϩ) (q,r) represents a wave function with unit plane wave amplitude and outgoing spherical waves while L (Ϫ) (q,r) represents a wave function with unit plane wave amplitude and incoming spherical waves. Since the form of U L (q,r) is uniquely given by the solution of the system of Eqs. ͑A6͒, L (ϩ) (q,r) and L (Ϫ) (q,r) can differ only in normalization.
An inspection of the boundary conditions shows that
which allows the writing of the spectral representation of the Green function as 
where L (q,r)ϭ L (ϩ) (q,r), i.e., the wave function with the usual boundary conditions for scattering. To apply this method the wave functions for the neutral pion must be found for a sufficient range of intermediate momenta and the integral over them performed numerically.
While the spectral representation just given works for many cases ͑it was used for the calculations in Ref. ͓9͔͒ it can lead to problems in a region of strong absorption ͑such as near the ⌬ resonance in the present case͒. As has been discussed ͓37͔ the S matrix has a series of poles ͑below the real axis͒ and zeros ͑above the real axis in mirror position to the poles for a real potential but above or below the real axis for a complex potential͒. The zeros will cross the real axis as the imaginary part of the complex potential becomes stronger. That, of course, changes the value of the Green function given by the spectral representation because the singularity due to the zero in S L (q) passes through the line of integration. In practice this first occurs in the energy region around 120 MeV and the crossing is different for each partial wave. When this happens a discontinuity as a function of energy is observed in the calculated DCX cross section. By deforming the integration contour ͑numerically͒ to dip below the real axis, continuity can be restored. However, this method has limited practical application; when the absorption becomes very strong the zero in the S matrix goes far below the real axis and is difficult to locate.
Fortunately, an alternative ͑and more direct͒ method exists. Eqs. ͑A6͒ provide a matrix representation of (E-H)U. Instead of solving the equations for U it is only necessary to invert the matrix representing E-H. However, we first need to incorporate the boundary conditions. The boundary condition at the origin is the same as before so we can remove, as before, the first column. However the condition at ϱ is different since we now wish to require outgoing spherical waves for large values of r 2 . The second derivative in the last equation is the only reference to the last value of the function U L (r). For purely outgoing waves, we have
In both the case for the solution for the wave function and the Green function, the first row refers to the value of the wave function at rϭ0 and the last row refers to the value of the wave function at r N . Both of these references need to be eliminated to obtain a closed system. Thus by removing the zeroth and Nth equations we have a matrix of size N-1 to invert. The technique of inversion of the matrix was tested against the spectral method and found to give the same result ͑within numerical accuracy͒ when the later method was valid.
APPENDIX B: PION ABSORPTION CORRECTION
In the pion absorption process no pion is left in the final state where the pion mass and energy are completely converted to the energy of the nucleons in the final state. The absorption process preferentially involves two or more nucleons to reduce the mismatch between the momentum of the absorbed pion and the Fermi momentum of the nucleons. We approximated the absorption correction by including a purely imaginary term in the optical potential of the form V abs ϭϪiW 2 ͑r͒, ͑B1͒
where (r) normalized such that ͐ 0 ϱ r 2 dr (r)ϭ1. While perhaps better theories can be invoked ͓38,39͔ this method was used for the global fit. The total cross section can be separated into elastic ( e ), quasifree ( q f ), and true absorption ( a ) pieces given ͓38͔ by 
͑B3͒
where V(r,rЈ) is the first-order optical potential. The parameter W was adjusted to reproduce the experimental values for true absorption cross sections for 40 Ca ͑the experimental data ͓40͔ were interpolated in mass number͒. This was done by calculating the absorption cross section ͑ϭreaction cross section͒ with the real part of the quasifree part of the optical potential. By comparing with the data, a value of W can be found at each energy for which data exist. The values of W were fitted to the following formula:
͑B4͒
No particular theoretical importance is attached to this form, it simply gives a good representation of the results. The constants were found to be W 0 ϭ43.35 fm 4 ͑for 12 C͒, E 0 ϭ215 MeV and ⌫ϭ77 MeV. The scaling among nuclei was made assuming that the parameter W 0 was proportional to NZ.
In the process of the fit to the elastic data ͓17͔ these values were renormalized. In these fits it was found that the determination of the best value of W 0 for 12 C was nearly as predicted by this procedure, but that the value for 40 Ca was a factor of 2 too large.
APPENDIX C: THE ␦-FUNCTION CORRECTION WITH DISTORTED WAVES
If the distorted pion waves are given by
